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ABSTRACT: In this paper a new sampling method for probabilistic safety assessment of structures involving
imprecise data is presented. This method is formulated as sample-induced simulation technique and aims at
combining the benefits of established simulation methods like Monte-Carlo simulation with those of models
with imprecise data. In this regard an approach is pursued to overcome certain weaknesses of current methods.
First, the specification of probability distributions on the basis of frequently small samples is circumvented.
All information contained in a given sample is accounted for directly and without estimating probability
distribution functions explicitly. Second, uncertainty in sample elements is taken into account. As no
probability distributions are required, the considerable numerical cost of evaluating samples comprising
imprecise data is eliminated. Examples demonstrate the capability of the sample-induced simulation technique
for dealing with both real-valued data and imprecise data.

1 INTRODUCTION

Simulation techniques often offer the only possi-
bility for solving problems in which random prop-
erties must be taken into account. Indeed, Monte-
Carlo simulation and further developments thereof
have become versatile tools for solving a variety of
problems in a wide range of engineering disciplines,
see Schuéller and Spanos (2001).

An essential precondition for obtaining realistic
results from a simulation is the availability of statis-
tically-validated probability distributions for the
input variables. The specification of these distri-
butions thus plays an essential role, see Schuéller
(2001). For determining reliably parameters and
forms of probability distributions, extensive data in
the form of samples are required. This enables using
well-developed and sophisticated methods of statis-
tical estimation theory and test theory, which operate
parametrically or non-parametrically.

In any case, problems may primarily occur in the
following two situations. First, the available infor-
mation is limited in the form of small samples.
Second, the sample elements are characterized by
imprecision. As a result, the required probability dis-
tributions cannot be specified to a sufficient degree

of reliability.

In this paper an attempt is made to develop a
simulation technique for structural reliability assess-
ment which yields realistic results in the aforemen-
tioned problematic situations.

2 PROBLEM SPECIFICATION

In the case of small samples, statistical estimations
and tests may yield ambiguous results. For an appro-
priate level of confidence, wide intervals for the
estimated values are obtained. This applies, in
particular, if the distribution type is not pure, if a
compound or multimodal distribution underlies, or if
multi-dimensional dependencies are present. The
quality of the numerical sampling result then de-
pends, inter alia, on the degree with which the spec-
ified probabilistic model actually agrees with the
small sample.

Imprecision or uncertainty of sample elements is
generally either taken into account approximately by
selecting "probably adverse values" from a possible
value range or neglected totally. However, the actual
impact of such a selection can generally not be
evaluated at the pre-stage of a simulation. On the
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other hand, the question arises as to how to model
that uncertainty or imprecision realistically. It ap-
pears, for example, in situations in which the
precision of measuring devices is strongly limited,
the measuring points cannot be defined precisely
(rough surfaces in thickness measurements), the
expert evaluations influence the value specification,
the measured values are gained under dubious condi-
tions, and linguistic assessments are accounted for
and thus generally possesses no random properties.

To perform realistic structural analysis and safety
assessment in those problematic cases, an attempt is
made to develop a simulation technique that operates
in conjunction with a generalized uncertainty model
and circumvents an explicit specification of a prob-
abilistic model. It should be capable of attaining
appropriate simulation results starting from samples
of small size that consist of uncertain or imprecise
data. The development starts from the basic statis-
tical assumption that all information is contained in
the sample. In the simulation a second sample of
considerably larger size is numerically generated that
reflects the statistical properties and uncertainty
characteristics of the original small sample "as well
as possible". The proposed technique is thus referred
to as "sample-induced simulation".

3 CONCEPT

The basic concept of the new sample-induced simu-
lation technique is to generate the sampling result di-
rectly from a given sample instead of estimating a
probability distribution and performing the sampling
according to this. The characteristics of a population
are described by a sufficiently large sample. As the
mathematical model of a distribution function is not
employed herein, conventional statistical estimations
are dispensed with. The concept of statistical estima-
tion is applied in a generalized sense.

The starting point is the observed sample S, of
size n,. A second concrete sample S,, of a consider-
ably larger size n, » n, is then sought that represents
the original sample S, "as well as possible". That is,
the new sample S, is expected to exhibit statistical
characteristics "comparable" to S,. This is realized
by the following iterative approach with the super-
script M indicating the iteration step.

1. The starting point is an arbitrary estimate S,! for
the sample S,. This is broadly specified without
consideration of the information contained in the
observed sample S, All sample elements of S,
should possess the same information content.
That is, they should exhibit the same probability
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density in their immediate surroundings. This
leads to the specification of S,'” by uniform dis-
tribution over a sufficiently large (physically me-
aningful) range of values of the random variable
represented by ;.

2. The sample S, is compared with the observed
sample S,. The purpose of this comparison is to
obtain a measure G for the statistical dissimilar-
ity between the samples S,/ and S,. For this dis-
similarity measure, a real valued function is
selected which yields a global minimum for G if
the samples S, and S, are "as similar as
possible" in a statistical sense. That is, G is
intended to be minimal if S, and S,/ originate
from the same population with probability one.
Due to the fact that intended application is for
samples consisting of imprecise data, established
statistical test methods cannot be implemented.

3. The sample S, is modified in such a way that m,
elements (stipulated number with m, « n;) are
selected by discrete uniform distribution and
replaced by new elements to obtain the modified
sample S, The new elements are again gener-
ated randomly over the range of values specified
in Step 1. This ensures that S, is obtained as a
random sample in consistency with established
sampling principles. The measure value G is
computed for the modified sample S,

4. The measure values G and G are compared. If
G < G it is concluded that the modification in
Step 3 has not yield an improved estimation for
S,. The modification is then nullified, and a repeat
modification is carried out according to Step 3. If
G > G, on the other hand, the modified sample
S, yields an improved estimation compared with
S,1%. The sample S, is then taken as the basis for
the next iteration step and modified anew
according to Step 3 to produce S, Again, the
result is assessed. This procedure is repeated with
an iteration counter r for successful modifications
until it is no longer possible to obtain an improve-
ment of S, beyond S,. As this can only be
realized with zero-probability (in the continuous
case), a termination limit is defined for the
probability with which an improvement can be
obtained. The iteration is terminated if the
average success rate of modifications attains a
predefined and sufficiently small value. Finally,
S, is set equal to S, obtained from the last
successful modification.

The sampling result S, directly contains the input
vectors for a subsequent n,-fold structural analysis or
may be evaluated for a safety assessment. In the case
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of samples comprising imprecise data, the special
algorithms presented in Méller and Beer (2004) may
be applied.

4 PROCEDURE FOR REAL-VALUED DATA

The sample-induced simulation technique is developed
first, to apply for processing real-valued samples. The
samples are deemed real-valued in the sense that their
elements are denoted by scalars or vectors consisting of
real numbers. This enables assessing the results with the
aid of established test methods. In this manner, the
effectiveness of the sample-induced simulation may be
evaluated.

4.1 Basic aspects

The critical point of the proposed technique is to
formulate an appropriate function for characterizing
the statistical dissimilarity G between S, and S, in
each iteration step r (see Step 2 in Sect. 2). This
function is required to possess the following four
properties.

1. The measure G and established statistical test
methods (homogeneity tests) must lead to basical-
ly analogous propositions regarding the statistical
dissimilarity between S, and S,. These proposi-
tions must be free of contradictions.

2. The mathematical formulation of the dissimilarity
measure G must be extendable to apply for
fuzzy-valued samples. That is, the mathematical
operations used in the definition of G for the
real-valued case must possess appropriate coun-
terparts in fuzzy arithmetics.

3. G is required to decrease — at least tendentiously
— with decreasing statistical dissimilarity between
S, and S,™. For samples S, and S, originating
from the same population the measure G should
take its global minimum value.

4. The mathematical structure of the measure G
should be as simple as possible to ensure a fast
numerical evaluation and to keep the computa-
tional cost reasonably low.

To develop a measure G that satisfies these
requirements the following theoretical experiment is
considered. According to the statistical estimation
theory it is assumed that all available information is
contained in the observed sample S,. Then, the best
description of S is its empirical distribution function
as it is a complete and unique representation of the
information in S,. Moreover, in inferential statistics,
the empirical distribution function is one of the most
powerful estimators. If this is taken as the basis for
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sampling — to numerically generate the sample S, —,
and no smoothing is applied, the resulting sample S,
and the observed sample S, possess identical empir-
ical distributions (in the limit). This corresponds to
two significant properties of the samples S, and S,
with respect to each other. First, the positions of the
elements of S, and S, coincide. Second, each element
of S, has the same number of uniquely assigned ele-
ments from the sampling result S;. In the case of an
underlying continuous random variable and an —
accordingly — slightly smoothed empirical distribu-
tion, the elements of the sampling result S, are
obtained in a close neighborhood of the elements of
S, — with the same assignment property.

Sampling results generated in this manner are
high quality representations of the underlying sample
S, as may be shown by applying a variety of two-
sample tests of homogeneity.

The measure G is thus formulated based on the
configuration of the sampling result S, from the
theoretical experiment. This provides two criteria for
monitoring the dissimilarity G between S, and S,,,
which are defined as an assignment criterion and a
distance criterion.

4.2 Assignment criterion

The assignment criterion evaluates some order in the
element configuration in the samples S, and S, with
respect to each other. Each element s,; (i = 1, ..., nj)
from sample S is supposed to have the same number
n,(8y;) of uniquely assigned elements s, (k =1, ...,
n,) from sample S,™. The element assignment is de-
fined on the basis of the shortest Euclidean distance
d(s;; 8,5) between the respective elements s,; and
8;, For each s, one assigned element s,(s,,) is
determined with

§0,i(§l,k) =S | d(go,i;ﬁl,k) -

jmin [d(s, s, )] )

The number n,(s,;) may then be obtained by means
of an indicator function,

!

nass(so,i) - kz:] I(ﬁo,i;gl,k) > @
lifs =s (s )

I : _ 0,i 0. 71k 3

(§0~i §1’k) { 0 otherwise @

The target value for the number n,(s,;) is given by
the ratio of the sample sizes n, and n,. The assign-
ment criterion is then defined as the total sum of the
quadratic differences between the actual numbers
n,(sy;) and the target value,
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nO 2
Cl = Z;[nass(%),i) - %] = MIN . (4)

i= o

The smallest possible value of C, depends on the

sample sizes n, and n,. With the integer parameter

a€Z | anyj<n<(a+l)n %)

this limit is

min_C, = - i(a-no— nl)2 + 1, - an, (6)
My

In the special case that the size of sample S, is a

whole multiple of the size of S, the value min_C, is

equal to zero.

4.3 Distance criterion

The distance criterion supplements the assignment
criterion by additionally evaluating the particular po-
sition of the sample elements. The distances between
assigned sample elements are supposed to be as
small as possible. Specifically,

C,= é(d(ﬁo’i(ﬁl,k);ﬁhk))z - MIN , ()

with §;(s;,) specifying the assignment of s, to s,;
determined with Eq. (1). The smallest possible value
of the distance criterion is zero.

4.4 Composing the dissimilarity measure

To define the dissimilarity measure G for real-
valued samples S, and S, the assignment criterion
according to Eq. (4) and the distance criterion ac-
cording to Eq. (7) are combined. As a standard for-
mulation, the quantity

G- /C +C, ®)

is selected. An extension of Eq. (8) by introducing
weighting factors for the criteria C, and C, has been
investigated in several numerical tests; it has not
been found particularly effective for improving the
simulation results.

4.5 Assembling the iteration procedure

The dissimilarity measure G in Eq. (8) is imple-
mented into the numerical procedure according to
Steps 1 through 4 in Sect. 2. Moreover, the number
m, of elements, see Step 3, which are modified in
each iteration step, is randomly selected and varied
frequently. For the random generation of the m, new
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elements in iteration step r the (slightly smoothed)
empirical distribution of the sample S,"" from the
previous successful iteration step r—1 is used. In this
manner, use is made of the statistical information
already gathered during the iteration.

The termination limit in Step 4 is chosen to be
2% and applied to the moving average of the recent
100 successful iteration steps.

5 PROCEDURE FOR IMPRECISE DATA

5.1 Modeling imprecise data

For dealing with imprecise data, see Viertl (1996)
for relevant concepts and terminology, we must se-
lect a suitable data model that combines the benefits
of the well-established probabilistic approach with
an appropriate modeling of non-frequentative uncer-
tainty or imprecision. The class of available uncer-
tainty models in this context comprises interval anal-
ysis, convex modeling, evidence theory, random set
theory, p-box, theory of rough sets, chaos models,
fuzzy set theory, and the theory of fuzzy random var-
iables. Considering the capability of these models,
the concept of fuzzy random variables originally
presented in Kwakernaak (1978) is selected for fur-
ther investigation. This model possesses the advan-
tage of simultaneously covering the models of real-
valued random variables, fuzzy sets, intervals, ran-
dom intervals, and convex models as special cases.
To define a fuzzy random variable the probability
space [X, &, P] is extended by the dimension fuzzi-
ness. If the space of the random elementary events,
as in probabilistics, is described by Q, a fuzzy ran-
dom vector X on the fundamental set X = R" may be
defined as the fuzzy result of the uncertain mapping

Q3 F(RY) Q)

where F(R") is the set of all fuzzy numbers in R". An
ordered n-tupel of fuzzy numbers X, is assigned to
each (crisp) elementary event ® € Q. Every n-tupel
X(w) = (X, ..., X,) < X is a realization of the fuzzy
random vector X. Both objective and subjective
information are accounted for simultaneously. The
theory of fuzzy random variables permits the mod-
eling of uncertain structural parameters which partly
exhibit randomness but which cannot be described
using real-valued random variables without an ele-
ment of doubt. The randomness is "disturbed" by a
fuzziness component.

A comprehensive discussion on fuzzy random-
ness particularly with regard to engineering prob-
lems may be found in Moller and Beer (2004). In
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this context the concepts of fuzzy structural analysis,
see also Moller et al. (2000), and fuzzy probabilistic
safety assessment, see also Mdller et al. (2003),
describe the processing of uncertain structural pa-
rameters with the aid of numerical procedures. This
basis ensures an appropriate evaluation of the results
from sample-induced simulation of fuzzy random
variables within the framework of structural analysis
and safety assessment.

Statistical investigations of uncertain or imprecise
data and of properties of fuzzy random variables are,
to a great extend, in an initial stage of development.
Related research in this regard may be found in
Bandemer and Nather (1992), in Viertl (1996), and
in Korner (1997). These developments concern the
analysis of imprecise data, the definition of statisti-
cal parameters, and the investigation of statistical
laws for fuzzy random variables.

Publications discussing the simulation of fuzzy
randomness are rare. An approach evaluating fuzzy
probability distribution functions on a trajectory-by-
trajectory basis is presented in Sickert et al. (2003).
Numerical investigations of statistical properties of
fuzzy random variables based on simulation are
discussed in Colubi et al. (2002). However, these
methods require prior knowledge about the fuzzy
probability distributions or the fuzziness of the reali-
zations to be generated. General techniques for gen-
erating fuzzy realizations of fuzzy random variables
are not known at the present time.

The application of traditional sampling methods
to the numerical generation of fuzzy realizations
encounters considerable difficulties. For instance,
the numerical effort for estimating fuzzy parameters
and fuzzy probability distributions from fuzzy-
valued samples (fuzzy samples) is significantly high,
in particular, when interaction between the fuzzy
parameters is taken into account. Moreover, the sim-
ulation of fuzzy realizations starting from fuzzy
probability distribution functions is not unique. That
is, different fuzzy samples may have identical empir-
ical fuzzy probability distribution functions.

These conflicts hinder the pursuing of a tradition-
al simulation approach and may be circumvented by
implementing the uncertainty model fuzzy random-
ness into the sample-induced simulation technique.
Due to the generalized character of this uncertainty
model, the capability of processing real-valued
samples is hereby preserved as a special case.

4.2 Extension of criteria C, and C,

To extend the sample-induced simulation to apply
for fuzzy samples § and § |, a suitable replacement
for the Euclidean distance d(s,;, 8,,) must be
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introduced to enable criteria C, and C, to deal with
fuzzy vectors §,; and §,,. For this purpose the fuzzy
vectors §); and §,, are represented with the aid of
a~discretization, see Fig. 1. For a sufficiently high
number of o-levels the fuzzy vectors §; and §,, are
completely described by the set of their a-level sets
Soiq and s, ., respectively.

H(s)
1.0

0.0

w y

a-level set s,

Figure 1. a-discretization of a fuzzy variable

On this basis, the distance dg(§,;, §,,) between the
fuzzy vectors §); and §,, may be defined by re-
combining the distances dy(s,;, Six.) between the
associated o-level sets s,;, and s,,, (for the same
a-level). Specifically, the metric

f dH(ﬁowiﬁ’ﬁl,k,a) dot 10)

a=+0
is applied, see Korner (1997), which makes use of
the Hausdorff metric

dH(go,i,u’§l,k.rx) - max [ 4 stz] >

H,1°
dy,=sup inf [d(s;.s)], (11)
’ %Eio,l‘u §1g§|.k,a
dy,=sup inf [d(s.s)],
’ 568 10 5050 o

between the associated o-level sets s,;, and s, ,, see
Fig. 2. The outcome of Eq. (11) and hence the dis-
tance dg(§,;, §,,) from Eq (10) are crisp values,
which are directly applied in Egs. (1) and (7) to
eventually compute criteria C, and C,.

The application of criteria C, and C, to evaluate
the dissimilarity of fuzzy-valued samples enables a
consideration of the order in the element configura-
tion and the distance between the respective sample
elements. Dissimilarities in the fuzziness of the ele-
ments §,; and §,,, however, are taken into account
only to a partial degree. In addition to the criteria C,
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and C,, the fuzziness of the realizations provides a
basis for a third dissimilarity criterion.

ﬂ sup inf  [d(sp, )]
S0 € Sie § € Sge

sup inf  [d(s,, )]

81 €813 8 € Boye \/

Figure 2. Hausdorff metric applied to a-level sets

§O,i.,u

4.3 Fuzziness criterion

The fuzziness criterion evaluates the matching in the
fuzziness of the respective fuzzy sample elements §;
and §, . Fuzzy sample elements that are assigned to
each other according to the assignment rule Eq. (1)
are supposed to exhibit the same fuzziness. For this
purpose, the fuzziness of the sample elements is
computed with an analog to Shannon's entropy
applied to the membership functions p(s,;) and
u(s;p) of §y; and §,,, respectively. For the fuzzy
vector §, this uncertainty measure is defined as

H,(8)= -k [e(us)ds , 12

g(u(©) = n@E) In(pE) + (1-p©) In(1-p(s)) .

And the fuzziness criterion is

€= D (,(5,(5,0) - H(S,L)f = MIN . (13)

For a "perfect matching", the fuzziness criterion C,
becomes zero.

4.4 Procedure features for imprecise data

The generation and the iterative modification of a
fuzzy-valued sample S require not only determin-
ing the position of the sample elements §,, but also
specifying their membership functions (s, ;). A new
fuzzy realization §,, is generated in the following
three steps. First, the mean value s, , € §,, | u(s;,)=1
is drawn from the current smoothed empirical distri-
bution of the mean values in the fuzzy sample
§1). Then, the fuzziness H,(3,,) is determined by
means of a logarithmic normal distribution estimated
from the fuzziness H,(§,;) of the fuzzy sample ele-
ments §,; in the observed fuzzy sample §,. In a third
step, the shape of the membership function u(s, ) is
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also randomly specified according to the distribution
of the shape in ;.

The consideration of fuzzy samples requires in-
corporating the criterion C; into the iterative proce-
dure. Tests have shown that it is effective to perform
the iteration for fuzzy samples in two steps. In the
first step, only the criteria C, and C, are satisfied.
Subsequently, the obtained element assignment and
the mean value positions are frozen. In the second
step, criterion C, is applied in a separate fuzziness
iteration. That is, in the second iteration step, only
the H,(8,,) and the shape of the membership func-
tions of the fuzzy sample elements §,, are adjusted.
The iteration termination criterion is also applied
separately in both iteration steps.

6 RELIABILITY ASSESSMENT

Structural reliability assessment based on sample-
induced simulation is realized as a straightforward
extension to traditional methods. The sampling re-
sult § , is directly evaluated with regards to the limit
state surface in the original space of the fuzzy-prob-
abilistic basic variables. That is, the structural reli-
ability is determined by counting the fuzzy sample
elements that lead to failure; see Moller and Beer
(2004). Due to the fuzziness, however, some fuzzy
sample elements lie only partly in the failure region
S;. This leads to a fuzzy failure probability f)f. For
computing P, a-discretization is applied again, see
Sect. 4.2. Specifically,

P, = {(Pﬂa, p(Pm))} ,

Pl‘,uc = [P Pf,ar] >
P ,)=aVvVae(0,1].

14

f,al?

The interval bounds P;,, and P, are calculated with
the aid of indicator functions and particular condi-
tions for evaluating fuzzy realizations; see Moller
and Beer (2004). Specifically,

n
1 : -
Pr=—-" E LG5
n, k-1

(15)
B 1 if s cS
(51 = { Pl T

0 otherwise

and
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1 -
P, = I (s s
f,ar 1’1] &= otr( lk) (16)
1 if s N
LG5, ) - SLka S+ o
0 otherwise

7 NUMERICAL EXAMPLES

7.1 Real-valued data

7.1.1 Sampling

A one-dimensional real-valued sample S, of size
n, = 200 is taken as the basis, see Fig. 3. This is
numerically generated from a compound distribution
consisting of two extreme value distributions of Ex-
Max type 1. The extreme values of the sample S, are
min_s,=5.1 and max_s,=21.55.

An initial estimate S,/ is numerically generated
by uniformly distributing n, = 10,000 sample ele-
ments s, over the interval [0, 25], see Fig. 3. Then,
the iteration to improve the generalized estimation
S, is started. The number m, of modified elements
is randomly selected from the interval [5, 30] and
frequently changed during the iteration. After about
r = 4,000 iteration steps the average success rate
starts decreasing distinctly and attains the termina-
tion limit in iteration step r = 4,710, see Fig. 3.

Clearly, there is no visible difference between the
empirical distribution functions of the samples S,
and S, = S,*7% gsee Fig. 3. The sampling result
shows no clumping of the generated sample ele-
ments s,, around the original sample elements s,;.
Homogeneity tests (Kolmogorov-Smirnov and chi-
squared) yield rejection probabilities of P < 0.001
for the H, hypothesis that both samples originate
from the same population. The tails of the generated
sample S, run beyond the extreme values of S, with
min_s, = 3.26 and max_s, = 24.01. A total of 39
elements s, are smaller than min_s, = 5.1, and 48
elements s, are bigger than max_s, = 21.55. The
proportions of S, therewith correspond to an extreme
value distribution with a thicker tail on the right side
than on the left side. Fishers exact probability test
yields a probability of P = 0.386 with which the H,
hypothesis is not rejected.

Results generated via traditionally estimated
probability distributions did not attain the quality
level of the present sample S,. Kernel based estima-
tion methods led to samples showing test results
comparable to the present approach. Their tails,
however, did not run significantly beyond min_s,
and max_s,.
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empirical probability

distribution fémctions average success rate
1 Sy 1
7S, S i "l
0 0
0.00 25.00 1 . 4,000 4,710
So» S1 iteration step r

Figure 3. Empirical distribution functions of S,, S, and
S, 47191 average success rate (last 100 steps) during iteration

7.1.2  Reliability assessment

The reliability level assessment is pursued by direct-
ly evaluating the sampling result S, with respect to a
given limit state surface. Since the related proce-
dures are well-known, these are not highlighted in
the example. Herein, it is focused on the dependency
of the assessment result on the quality of the sam-
pling result.

As an example, the observed sample S, is inter-
preted as a possible record of a live load s resulting
from road traffic and acting on a structural member
of a road bridge. The sampling result S, then repre-
sents a statistical loading prognosis for future traffic.
For defining a limit state surface, the serviceability
requirement s < 22 is defined.

The empirical failure probability obtained from
sample S, is P; = 0, whereas the sampling result S,
yields P, = 3.4-10>. A compound probability distri-
bution estimated from S, without additional prior
knowledge leads to P; = 1.7-107. According to the
underlying extreme value distribution P, = 8.9-107 is
obtained. These results indicate a good agreement
between the prognoses from traditional approaches
and from sample-induced simulation.

7.2 Imprecise data

7.2.1 Sampling

As a starting point the sample S, from Sect. 7.1.1 is
"fuzzified" to represent an uncertain measurement
series, for example, of a live load, see Sect. 7.1.2.
The resulting fuzzy sample S, consists of n, = 200
fuzzy triangular numbers with fluctuating fuzziness
H,(8,) over the sample elements; for relevant con-
cepts and terminology see Bandemer and Néther
(1992) and Moller and Beer (2004). An initial
estimate S|[” of size n, = 10,000 is generated in
compliance with Sect. 3.2.3 starting from uniformly
distributed mean values and restricting the fuzzy
sample elements completely to [0, 25], see Fig. 4.
Again, the iteration in carried out with a randomly
selected number m, € [5, 30] of modified elements.
First, the dissimilarity measure GM(C,, C,) is
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minimized in 5,990 iteration steps. The empirical
distributions of §0 and S agree very well.
However, there is almost no correspondence be-
tween the fuzziness H,(§,) and H,(§,)®*" of the re-
spective fuzzy sample elements, see Fig. 4. The sub-
sequent fuzziness iteration (minimization of crite-
rion C; up to iteration step r = 16,150) almost does
not affect the empirical distribution. but improves
considerably the fuzziness agreement, see Fig. 4.

empirical fuzzy probability distribution functions
1 = —
So

Q [16.150]
5,

0
0 25
1 fuzziness H, H(s,)
ul\*0.
—-" !
0 = H. (5. 16.150]
0 W80 ) 25
Sos 51

Figure 4. Empirical fuzzy probability distribution functions of
So» Sl[o], SI[S‘”O], and SI[IG‘ISO] and fuzziness of the associated
fuzzy sample elements

7.2.2  Reliability assessment

The serviceability requirement s < 22 specified in
Sect. 7.1.2 is evaluated with the fuzzy samples So
and §, = §11% The fuzzy failure probability P,
is computed according to Egs. (14), (15), and (16)
with eleven a-levels, see Fig. 5. Whereas sample S o
yields an almost useless result with an overestimated
fuzziness, sample § , leads to a more meaningful
result. The probability values covered by P, from §
again comprise a reasonable range with respect to
the results from traditional estimations and from the
underlying distribution for the mean values (p = 1)
presented in Sect. 7.1.2.

(P, obtained from |4 H@y obtained from 8,

—

M\ f —o~ 0 L\ + : +

10* 103 102 P; 10* 103 102 P;
Figure 5. Empirical fuzzy failure probability obtained from § o
and from §
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6 CONCLUSIONS

The presented sample-induced simulation technique
may be useful if the data bank comprises, solely, a
small sample with uncertain or imprecise elements.
It operates free of a probability model and is capable
of considering randomness and non-stochastic
impreciseness simultaneously. Future developments
may focus on multidimensional problems including
dependencies in terms of probability and fuzzy set
theories.
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